In purely non-dissipative systems, Lagrangian and Hamiltonian reduction have proven to be powerful tools for deriving physical models with exact conservation laws. We have discovered a hint that an analogous reduction method exists also for dissipative systems that respect the First and Second Laws of Thermodynamics. In this Letter, we show that modern gyrokinetics, a reduced plasma turbulence model, exhibits an accidental metriplectic structure. Metriplectic dynamics in general is a well developed formalism for extending the concept of Poisson brackets to dissipative systems. Our result suggests that collisional gyrokinetics, and other dissipative physical models that obey the Laws of Thermodynamics, could be obtained using an as-yet undiscovered metriplectic reduction theory. If uncovered the theory would generalize Lagrangian and Hamiltonian reduction in a substantial manner.
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Construction of reduced models in physics, when done rigorously, usually results in equations that are expressed in terms of formal infinite series. In order to make practical progress with such models, the series must always be truncated while respecting the essential physics. If the truncation is done carelessly, spurious unphysical effects may rise, as in, e.g., the basic formulation of the Burnett equations [1] .
A particularly difficult truncation problem arises in the formulation of collisional gyrokinetics (see Refs. [2, 3] and references therein). Because gyrokinetics is used as a tool for modeling plasma turbulence, it is essential that the effects of collisions in the theory do not lead to a violation of The First and Second Laws of Thermodynamics. Artificial sources or sinks of energy or momentum could drastically alter the steady-state turbulence amplitude, and therefore the predicted turbulence-induced transport levels. On the other hand, due to the complicated dependence of the gyrokinetic equations on the background magnetic field geometry, it is nontrivial to include a collision operator in the theory when starting from first principles. Although an asymptotic expansion of the correct collision integral is straightforward to find, truncating the expression without violating the First or Second Law is difficult. In contrast, formulating energy and momentum conserving gyrokinetic equations without collisions can now be done systematically using Lagrangian [4, 5] and Hamiltonian reduction [6] .
A resolution of this vexing issue in gyrokinetic theory was put forward in Ref. [7] , were a collision operator was discovered that addresses the truncation problem without destroying the conservation laws or the H-theorem. The key step in the analysis amounted to being mindful of the basic properties of the Landau collision operator [8] . In other words, a problem-specific trick was found. It would be extremely interesting and useful if there was a more profound theory underlying these results, in particular, a generalization of Lagrangian and Hamiltonian reduction for dissipative systems. If uncovered, such a theory could become an essential tool for unraveling truncation problems in many different areas of physics research [9] .
In this Letter, we report on a discovery that suggests a promising candidate for such a general dissipationcompatible truncation tool. Specifically, we show that the modern formulation of collisional electrostatic gyrokinetics exhibits a metriplectic structure. This beautiful mathematical framework, discovered amidst the 1980's (see, e.g., Refs. [10] [11] [12] [13] [14] [15] [16] [17] ), extends the Poisson bracket formulation of classical mechanics to dissipative systems that obey the First and Second Laws of Thermodynamics. This suggests that collisional gyrokinetics, and other dissipative physical models that obey the Laws of Thermodynamics, may be obtained using an as-yet undiscovered metriplectic reduction theory. Metriplectic reduction, if it exists, would generalize Lagrangian and Hamiltonian reduction in a substantial manner.
The model problem we consider is a variant of full-F collisional electrostatic gyrokinetics. The system of equations is
where F s is the gyroangle-independent gyrocenter distribution function, ρ gy (x) = s e s F s δ(X − x) dz gc s is the gyrocenter charge density, P is the gyrocenter polarization density, and H 
with the standard definitions
R denoting the Littlejohn's gyrogauge field, and B * = b · B * . We remark that the volume element dz
3 X dv dµ dθ s , and therefore implies an integration with respect to the species-s gyrophase.
The function K gy s is the gyrocenter kinetic energy, which may be written entirely in terms of the electric field as
Here · s = (2π)
0 · dθ s denotes the average with respect to the species-s gyroangle, tildes denote the fluctuating part of a gyroangle-dependent quantity, I = ∂ · dǫ, and ρ o is the zero'th order (gyroangle-dependent) gyroradius vector. The net gyrocenter kinetic energy, which is defined as
defines the gyrocenter polarization density according to P = −δK/δE. The right-hand-side of the kinetic equation (1) is given by the energetically-consistent gyrocenter collision operator of Ref. [7] . As in Ref. [7] , the expression for C gy ss (F s , Fs) requires the definitions of the gyrocenter position vectors y s (z) = X + ρ os , the gyrocenter relative velocity vector
the scaled projection matrix
and the three-component collisional flux vector
where the gyrocenter delta function is δ gy ss (z,z) = δ(y s − ys), and the vector A gy ss is defined according to
With these definitions, the gyroangle averaged collision operator is given as
where the symmetric coefficient is c ss = 4πe
2 s e 2 s ln Λ. This collision operator conserves total energy and species-wise particle number while producing entropy monotonically. Moreover, when the background field is either axisymmetric or translation symmetric, it conserves the corresponding total momentum. For an explicit proof of the conservation laws and entropy-production property, see Ref. [7] .
In the absense of collisions, electrostatic gyrokinetic theory naturally has the structure of an infinitedimensional Hamiltonian system. This structure was first studied by Squire et. al. in Ref. [18] . Thus, when the collision integral in (1) is dropped, one should expect that the resulting system is Hamiltonian in nature. Because this Hamiltonian structure appears as an essential ingredient in the metriplectic formulation of collisional electrostatic gyrokinetics, we now take the time to summarize it.
As is true of any Hamiltonian system, the Hamiltonian structure of collision-free electrostatic gyrokinetics consists of three parts: (1) the system's infinite-dimensional phase space, (2) the Hamiltonian functional H GK , and (3) the Poisson bracket {·, ·} GK . The phase space is the easiest piece. It is not difficult to show that the electrostatic potential may be expressed in terms of moments of the distribution function using the gyrokinetic Poisson equation, i.e. ϕ = ϕ * (F ). Thus, the gyrokinetic VlasovPoisson system may be written as a first-order ODE on F -space where the time derivative of F is given by the collisionless kinetic equation. It follows that the infinitedimensional phase space for electrostatic gyrokinetics is just F -space. The Hamiltonian H is slightly less trivial to identify, but may be guessed starting from the energy expressions given in Ref. [19, 20] for kinetic systems with polarization effects. We have
Note that in this expression the electrostatic potential must be regarded as the unique functional of the distribution function given by solving the gyrokinetic Poisson equation, i.e. ϕ = ϕ * (F ). Finally, the following expression gives the Poisson bracket of two functionals F (F ) and G(F ):
which represents a convenient simplification of the bracket reported in Ref. [18] . In fact, Eq. (14) is an example of a so-called Lie-Poisson bracket [21] , which is perhaps the simplest non-canonical bracket one would expect to see in a continuum field theory. Here the functional derivative of an observable A(F ) is the unique gyroangle-independent function of (X, v , µ) such that
for arbitrary variations δF s . This Hamiltonian structure is related to collisionless gyrokinetic dynamics as follows. Given a functional Q on F -space, the dynamics of Q(F ), with F evolving according to the electrostatic gyrokinetic Vlasov-Poisson system, are specified by
By choosing Q(F ) = δ(z −z) F (z) dz gc , Eq. (16) reproduces the collisionless limit of (1) 
where the variation of the electrostatic potential δϕ is a complicated linear functional of δF . Because ϕ = ϕ * (F ) in the gyrokinetic Hamiltonian, the gyrokinetic Poisson equation may now be used to kill the second term, and thereby deduce the desired result.
Metriplectic dynamics [10] [11] [12] [13] [14] [15] [16] [17] provides a convenient framework to describe systems that exhibit both Hamiltonian and dissipative character. The Hamiltonian contribution in such a system is represented in terms of an energy functional H and an antisymmetric Poisson bracket { · , · } while the dissipative contribution is represented in terms of an entropy functional S and a symmetric, negative semi-definite metric bracket ( · , · ). When combined, the evolution of a given functional Q is obtained from the equation
where F = H − S denotes a generalized free-energy functional that is dissipated via increase in the system entropy. For this framework to respect the laws of thermodynamics, one requires H to be a Casimir invariant of the metric bracket and S a Casimir invariant of the Poisson bracket. Furthermore, S must not be a Casimir of the metric bracket. Then, it is straight forward to verify the properties dF /dt ≤ 0, dH/dt = 0, and dS/dt ≥ 0. The system may display also other Casimir invariants {C i } i which are invariants of the total bracket. In an equilibrium state, dQ/dt = 0 for all possible Q. One way for such a state to exist is that the free-energy functional is a linear combination of the common Casimir invariants of the two brackets according to
where the coefficients c i are uniquely determined by the initial state of the system. To find a corresponding metriplectic formulation for electrostatic gyrokinetics, we have to dress the collision operator in terms of a symmetric bracket. Fortunately, this turns out to be a rather straight forward task, once we employ the identity δH gy /δF s = H gy s . In the expression (11) for the vector A gy ss (z,z), one may identify functional derivatives δS GK /δF s of an entropy functional
A weak form of the collision operator (12) , and some further reasoning, then summon a symmetric, negative semi-definite bracket
where the vector Γ 
It is straight forward to verify that evaluation of the bracket (Q s , −S GK ) GK , with respect to Q s = δ(z − z)F s (z) dz gc s leads to the expression (12) evaluated atz. To complete a metriplectic formulation for the electrostatic gyrokinetic model, we need to verify that the electrostatic energy functional H GK is a Casimir invariant of the metric bracket and that the entropy functional S GK is not. This is straight forward to demonstrate: Since δH GK /δF s = H 
where B is an arbitrary functional. This follows from the property w gy ss · W gy ss = 0. Entropy, on the other hand, is not a Casimir of the metric bracket since a correct choice for B reproduces the expression for the collision operator as stated above. We may thus conclude that the system consisting of equations (1) and (2) exhibits a metriplectic structure, and that the dynamics of any functional is given by
where F GK = H GK − S GK is the gyrokinetic free-energy functional. We note that if the background magnetic field is axially symmetric, the total toroidal angular momentum
is a Casimir of the metric bracket, though not of the Poisson bracket. This can be verified as follows: Since δP φ /δF s = p φs , with p φs the single-particle guidingcenter canonical momentum of species s, the expression
vanishes identically since the integrand contains the term (ȳs − y s ) δ gy ss (z,z). Thermodynamical equilibrium is reached once the differential of the free-energy functional is a linear combination of the Casimirs of total metriplectic bracket evaluated at the equilibrium. The simplest way to achieve this condition is to have the free-energy differential be a Casimir of the Poisson bracket and the metric bracket individually, which happens to imply the differential of F is the sum of the total mass of each species. From this condition, the equilibrium distributions F eq,s may be solved by taking variations, which leads to
with common temperature for each species.
To summarize, we have demonstrated that the modern formulation of collisional electrostatic gyrokinetics exhibits a metriplectic structure. Our findings heavily rely on the identity δH gy /δF s = H gy s which, in case of full-F electromagnetic gyrokinetics, no longer holds. The new result, however, strongly suggests that collisional gyrokinetics, and other dissipative physical models that obey the Laws of Thermodynamics, may be obtained using an as-yet undiscovered metriplectic reduction theory. Theory of metriplectic reduction, if it exists, could expand the powerful Lagrangian and Hamiltonian reduction methods into physical systems that display the First and Second Laws of Thermodynamics.
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